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The Casimir Effect: Theory, Experiments, Uses
Fulling-Davies Theory (Dynamical CE)
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Euler and the Zeta Function

® How did Euler discover the zeta function? T
IR Ayoub, Am Math Month 81 (1974) 1067]. The harmonic series

Hel+4odostalily
T 27374756

has an infinite sum. Euler: what about the ‘prime harmonic series’

1 1 1 1 1
PH=14+ -4 -4t —d — ...
tots ettt

IS it finite or infinite?

-
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Euler and the Zeta Function

® How did Euler discover the zeta function?

-

The harmonic series

Hel+4odostalily
T 27374756

has an infinite sum. Euler: what about the ‘prime harmonic series’

1 1 1 1 1
PH=14 4+ -4 =F=—F —+--
tots ettt

IS it finite or infinite?

® Cannot split the first into two

R S )
23 5 7 46 89

and try to show the second finite (would mean the first part is infinite)

o -
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Euler and the Zeta Function

® How did Euler discover the zeta function?

-

The harmonic series

Hel+4odostalily
T 27374756

has an infinite sum. Euler: what about the ‘prime harmonic series’

1 1 1 1 1
PH=14+ -4 -4t —d — ...
tots ettt

IS it finite or infinite?

® Cannot split the first into two

R S )
23 5 7 46 89

and try to show the second finite (would mean the first part is infinite)

® Euler considered 1 1 1 1
e e R O
L— () =1+ s+t 5+t
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® Provided s is bigger than 1, you can split it up

el by 1y T
f 28 33 53 78 45 65 88 98 T

o -
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® Provided s is bigger than 1, you can split it up

RN R VU U I
s ' 3s ' 5 75 45 1 65 8 9

® |dea: s closer to 1, first sum increases without bound. Key step is the

celebrated equation (p prime)
1 1 1 1

) = Ty X T (1o (1o
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Provided s is bigger than 1, you can split it up

RN R VU U I
s ' 3s ' 5 75 45 1 65 8 9

Idea: s closer to 1, first sum increases without bound. Key step is the

celebrated equation (p prime)
1 1 1 1

) = Ty X T (1o (1o

For any p prime and any s > 1, set x = 1/p® to give:
=1+ ! + + ! +
1 — (1/]98) ps p28 p38
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Provided s is bigger than 1, you can split it up

r oty T I
25 35 bs 78 45 65 8 93
Idea: s closer to 1, first sum increases without bound. Key step is the

celebrated equation (p prime)
1 1 1 1

) = Ty X T (1o (1o

For any p prime and any s > 1, set x = 1/p® to give:

S S
1 — (1/]98) ps p28 p38
Euler multiplied together these inf sums: his inf product as single inf
sum: 1
p’fls ... phns
p1,...,Pn Primes kq,...,k, positive integers, each such combination

occurs exactly once, rhs just rearrangement of ((s).

-
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Provided s is bigger than 1, you can split it up

r oty T I
25 35 bs 78 45 65 8 93
Idea: s closer to 1, first sum increases without bound. Key step is the

celebrated equation (p prime)
1 1 1 1

) = Ty X T (1o (1o

For any p prime and any s > 1, set x = 1/p® to give:

S S
1 — (1/]98) ps p28 p38
Euler multiplied together these inf sums: his inf product as single inf
sum: 1
p’fls ... phns
p1,...,Pn Primes kq,...,k, positive integers, each such combination

occurs exactly once, rhs just rearrangement of ((s).

Euler’s infinite product formula for {(s) marked the beginning of
analytic number theory. J
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® Dirichlet modified the zeta function: primes separated into categories,
depending on the remainder when divided by &:

f Ls.y) = X1(81) N X2(82) N xg(i’)) N xij) L T

where x(n) is a special kind of function (Dirichlet ‘character’) that
splits the primes in the required way.

o -
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® Dirichlet modified the zeta function: primes separated into categories,
depending on the remainder when divided by &:

f Ls.y) = X1(81) N X2(82) N xg(i’)) N xij) L T

where x(n) is a special kind of function (Dirichlet ‘character’) that
splits the primes in the required way.

® Conditions: (i) x(mn) = x(m)x(n) for any m,n

(i) x(n) = x(n + k), Vn
(i) x(n) = 0 if n, kK have a common factor (iv) x(1) =1

o -
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-

® Dirichlet modified the zeta function: primes separated into categories,

depending on the remainder when divided by &:

X1(81) +X2(32) +x3(§) +xijx) N

L(87X) —

where x(n) is a special kind of function (Dirichlet ‘character’) that
splits the primes in the required way.

Conditions: (i) x(mn) = x(m)x(n) for any m,n

(i) x(n) = x(n + k), Vn
(i) x(n) = 0 if n, kK have a common factor (iv) x(1) =1

Any function L(s, x), where s real number greater than 1 and y
character, is known as a Dirichlet L-series. Euler zeta function is a
special case: x(n) = 1 for all n. Another ex. x(n) = u(n) (M6bius)

=

-
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Dirichlet modified the zeta function: primes separated into categories,

depending on the remainder when divided by &:

X1(81) +X2(32) +x3(§) +xijx) N

L(87X) —

where x(n) is a special kind of function (Dirichlet ‘character’) that
splits the primes in the required way.

Conditions: (i) x(mn) = x(m)x(n) for any m,n

(i) x(n) = x(n + k), Vn
(i) x(n) = 0 if n, kK have a common factor (iv) x(1) =1

Any function L(s, x), where s real number greater than 1 and y
character, is known as a Dirichlet L-series. Euler zeta function is a
special case: x(n) = 1 for all n. Another ex. x(n) = u(n) (M6bius)

Subsequent generalizations: allow s and x(n) to be complex.
The celebrated Riemann zeta function, Hurwitz, Epstein, etc.
Many results about prime numbers were proven: L-series
provide a powerful tool for the study of the primes

=
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Zero point energy
B QFT vacuum to vacuum transition: (0| H |0} o
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Zero point energy
B QFT vacuum to vacuum transition: (0| H |0) o

Spectrum, normal ordering (harm oscill):

1
H = (n—|—§>)\nana;
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Zero point energy
B QFT vacuum to vacuum transition: (0| H |0} o

Spectrum, normal ordering (harm oscill):
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Zero point energy
B QFT vacuum to vacuum transition: (0| H |0} -

Spectrum, normal ordering (harm oscill):

1
H = (n%—i))\nana};

(0| H|0) Z)\ — —trH

gives oo physical meaning?
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Zero point energy
B QFT vacuum to vacuum transition: (0| H |0} -

Spectrum, normal ordering (harm oscill):

1
H = (n%—i))\nana};

hc 1
0|H|0) = — Ap = =1trH
OUHI0) = 530 = 3

gives oo physical meaning?

Regularization + Renormalization ( cut-off, dim, ()
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Zero point energy
B QFT vacuum to vacuum transition: (0| H |0} o

Spectrum, normal ordering (harm oscill):

1
H = (n%—i))\nana};

hc 1
0|H|0) = — Ap = =1trH
OUHI0) = 530 = 3

gives oo physical meaning?

Regularization + Renormalization ( cut-off, dim, ()

L Even then: Has the final value real sense ? J
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vacuum

Casimir Effect
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The Casmir Effect

BC e.g. periodic
— all kind of fields
BC — curvature or topology

Universal process:

vacuum

Casimir Effect
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The Casmir Effect

BC e.g. periodic T
— all kind of fields
BC — curvature or topology

Universal process:
Sonoluminiscence

Cond. matter (wetting *He alc.)

vacuum

r
r
# Optical cavities
r

Direct experim. confirmation
Casimir Effect

-
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The Casmir Effect

BC e.g. periodic T
— all kind of fields
BC — curvature or topology

Universal process:
Sonoluminiscence

Cond. matter (wetting *He alc.)

vacuum

r
r
# Optical cavities
r

Direct experim. confirmation

Casimir Effect _ ,
Van der Waals, Lifschitz theory
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The Casmir Effect

f BC e.g. periodic T
— all kind of fields

BC — curvature or topology

Universal process:
Sonoluminiscence

Cond. matter (wetting *He alc.)

vacuum

r
r
# Optical cavities
r

Direct experim. confirmation

Casimir Effect _ _
Van der Waals, Lifschitz theory

# Dynamical CE <
o Lateral CE
# Extract energy from vacuum
L.o CE and the cosmological constant < J
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Thestandard approach

— Casimir force: calculated
by computing change in zero
point energy of the em field

O
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Thestandard approach

— Casimir force: calculated
by computing change in zero
point energy of the em field

— But Casimir

effects can be calculated

as S-matrix elements:
Feynman diagrs with ext. lines

-
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Thestandard approach

— Casimir force: calculated
by computing change in zero
point energy of the em field

— But Casimir

effects can be calculated

., as S-matrix elements:
Feynman diagrs with ext. lines

In modern language the Casimir energy can be expressed in terms of the
trace of the Greens function for the fluctuating field in the background of
Interest (conducting plates)

E= Elm/dww Tr/de G(x,z,w+ i€) — Go(x, x,w + i€)]

27

o -
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Thestandard approach

— Casimir force: calculated
by computing change in zero
point energy of the em field

— But Casimir

effects can be calculated

., as S-matrix elements:
Feynman diagrs with ext. lines

In modern language the Casimir energy can be expressed in terms of the
trace of the Greens function for the fluctuating field in the background of
Interest (conducting plates)

E = ;Im/dww Tr/d3:1: G(x,z,w+ i€) — Go(x, x,w + i€)]
T

L G full Greens function for the fluctuating field J
Gy free Greens function Trace is over spin
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>plates o <

>no plates

-

-
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EC — < >p|ates — < >nop|ates

%Im/[g(az, x,w+i€) — Go(z,z,w + i€)] = dAN T

dw

change in the density of states due to the background

-
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EC — < >p|ates — < >nop|ates
f %Im/[g(x,x,w +i€) — Go(z, x,w + i€)] = dAN T

dw
change in the density of states due to the background

— A restatement of the Casimir sum over shifts in zero-point energies

h
5 Z(w — wo)

o -
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EC — < >p|ates — < >nop|ates
f %Im/[g(x,x,wqtie) — Go(z,z,w +i€)] = dAN T

dw
change in the density of states due to the background

— A restatement of the Casimir sum over shifts in zero-point energies

h
5 Z(w — wo)

—> Lippman-Schwinger eq. allows full Greens f, G, be expanded as a
series in free Green’s f, Gy, and the coupling to the external field

O-O- QOQ

o -
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EC — < >p|ates — < >nop|ates
f %Im/[g(x,x,w +i€) — Go(z, x,w + i€)] = dAN T

dw
change in the density of states due to the background

— A restatement of the Casimir sum over shifts in zero-point energies

h
5 Z(w — wo)

—> Lippman-Schwinger eq. allows full Greens f, G, be expanded as a
series in free Green’s f, Gy, and the coupling to the external field

— “Experimental confirmation of the Casimir effect does not establish the
L reality of zero point fluctuations” J
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The Dynamical Casimir Effect

f S.A. Fulling & P.C.W. Davies, Proc Roy Soc A348 (1976) T



The Dynamical Casmir Effect

- .

® Moving mirrors modify structure of quantum vacuum

® Creation and annihilation of photons; once mirrors return to rest,
some produced photons may still remain: flux of radiated particles

o -
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some produced photons may still remain: flux of radiated particles

® For a single, perfectly reflecting mirror:
# photons & energy diverge while mirror moves
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some produced photons may still remain: flux of radiated particles

® For a single, perfectly reflecting mirror:
# photons & energy diverge while mirror moves

® Several renormalization prescriptions have been used
In order to obtain a well-defined energy
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® Moving mirrors modify structure of quantum vacuum

® Creation and annihilation of photons; once mirrors return to rest,
some produced photons may still remain: flux of radiated particles

® For a single, perfectly reflecting mirror:
# photons & energy diverge while mirror moves

® Several renormalization prescriptions have been used
In order to obtain a well-defined energy

® Problem: for some trajectories this finite energy is not a positive
guantity and cannot be identified with the energy of the photons

o -
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® Moving mirrors modify structure of quantum vacuum

® Creation and annihilation of photons; once mirrors return to rest,
some produced photons may still remain: flux of radiated particles

® For a single, perfectly reflecting mirror:
# photons & energy diverge while mirror moves

® Several renormalization prescriptions have been used
In order to obtain a well-defined energy

® Problem: for some trajectories this finite energy is not a positive
guantity and cannot be identified with the energy of the photons
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A CONSISTENT APPROACH:
J. Haro & E.E., PRL 97 (2006); arXiv:0705.0597

| .

L -
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A CONSISTENT APPROACH:

J. Haro & E.E., PRL 97 (2006); arXiv:0705.0597
® Partially transmitting mirrors, which become transparent to

f very high frequencies (analytic matrix) T

® Proper use of a Hamiltonian method & corresponding renormalization

o -
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A CONSISTENT APPROACH:

Partially transmitting mirrors, which become transparent to
very high frequencies (analytic matrix)

Proper use of a Hamiltonian method & corresponding renormalization

Proved both: # of created particles is finite & their energy is always
positive, for the whole trajectory during the mirrors’ displacement

-
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A CONSISTENT APPROACH:

® Partially transmitting mirrors, which become transparent to
very high frequencies (analytic matrix)

® Proper use of a Hamiltonian method & corresponding renormalization

® Proved both: # of created particles is finite & their energy is always
positive, for the whole trajectory during the mirrors’ displacement

® The radiation-reaction force acting on the mirrors owing to emission-
absorption of particles is related with the field’s energy through the
energy conservation law: energy of the field at any ¢ equals (with
opposite sign) the work performed by the reaction force up to time ¢
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A CONSISTENT APPROACH:

® Partially transmitting mirrors, which become transparent to

very high frequencies (analytic matrix)
Proper use of a Hamiltonian method & corresponding renormalization

Proved both: # of created particles is finite & their energy is always
positive, for the whole trajectory during the mirrors’ displacement

The radiation-reaction force acting on the mirrors owing to emission-
absorption of particles is related with the field’s energy through the
energy conservation law: energy of the field at any ¢ equals (with
opposite sign) the work performed by the reaction force up to time ¢

Such force is split into two parts: a dissipative force
whose work equals minus the energy of the particles that remain
& a reactive force vanishing when the mirrors return to rest

-
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A CONSISTENT APPROACH:

® Partially transmitting mirrors, which become transparent to

very high frequencies (analytic matrix)
Proper use of a Hamiltonian method & corresponding renormalization

Proved both: # of created particles is finite & their energy is always
positive, for the whole trajectory during the mirrors’ displacement

The radiation-reaction force acting on the mirrors owing to emission-
absorption of particles is related with the field’s energy through the
energy conservation law: energy of the field at any ¢ equals (with
opposite sign) the work performed by the reaction force up to time ¢

Such force is split into two parts: a dissipative force
whose work equals minus the energy of the particles that remain
& a reactive force vanishing when the mirrors return to rest

The dissipative part we obtain agrees with the other methods.
But those have problems with the reactive part, which in general
yields a non-positive energy —> EXPERIMENT
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SOME DETAILS OF THE METHOD

$» Hamiltonian method for neutral Klein-Gordon field in a cavity €2, with
f boundaries moving at a certain speed v << ¢, e =v/c T
(of order 10~8 in Kim, Brownell, Onofrio, PRL 96 (2006) 200402)

o -
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SOME DETAILS OF THE METHOD

®» Hamiltonian method for neutral Klein-Gordon field in a cavity €2, with
boundaries moving at a certain speed v << ¢, ¢ = v/c T
(of order 1078 in )

® Assume boundary at rest for time ¢ < 0 and returns to its initial
position at time T’

o -
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boundaries moving at a certain speed v << ¢, ¢ = v/c T
(of order 1078 in )

® Assume boundary at rest for time ¢ < 0 and returns to its initial
position at time T’

® Hamiltonian density conveniently obtained using the method in
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SOME DETAILS OF THE METHOD

®» Hamiltonian method for neutral Klein-Gordon field in a cavity €2, with

|7 boundaries moving at a certain speed v << ¢, e =v/c T
(of order 10~ in )

® Assume boundary at rest for time ¢ < 0 and returns to its initial
position at time T’

® Hamiltonian density conveniently obtained using the method in

® [agrangian density of the field

1
L(tx) =5 [(09)° = [Vxg]], ¥x e CR", VteR

o -
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SOME DETAILS OF THE METHOD

®» Hamiltonian method for neutral Klein-Gordon field in a cavity €2, with

|7 boundaries moving at a certain speed v << ¢, e =v/c T
(of order 10~ in )

® Assume boundary at rest for time ¢ < 0 and returns to its initial
position at time T’

® Hamiltonian density conveniently obtained using the method in

® | agrangian density of the field
1
L(tx) =5 [(09)° = [Vxg]], ¥x e CR", VteR

® Hamiltonian. Transform moving boundary into fixed one by
(non-conformal) change of coordinates

R:(ty) — (tty)x(ty)) =t R({Ey))
transform €2, into a fixed domain Q

L Q: (t(t,y), x(f,y)) = R(t,y) = ({,R(L,y))

(with ¢ the new time)
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CASE OF A SINGLE, PARTIALLY TRANSMITTING MIRROR

- .

o -
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CASE OF A SINGLE, PARTIALLY TRANSMITTING MIRROR

Seminal Davis-Fulling model [PRSL A348 (1976) 393]

renormalized energy negative while the mirror moves: T
cannot be considered as the energy of the produced particles at time ¢

[cf. paragraph after Eq. (4.5)]

o -
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CASE OF A SINGLE, PARTIALLY TRANSMITTING MIRROR

Seminal Davis-Fulling model [PRSL A348 (1976) 393]

frenormalized energy negative while the mirror moves: T
cannot be considered as the energy of the produced particles at time ¢
[cf. paragraph after Eq. (4.5)]
Our interpretation: a perfectly reflecting mirror is non-physical.
Consider, instead, a partially transmitting mirror, transparent to high
frequencies (math. implementation of a physical plate).

o -
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CASE OF A SINGLE, PARTIALLY TRANSMITTING MIRROR

Seminal Davis-Fulling model
renormalized energy negative while the mirror moves:
cannot be considered as the energy of the produced particles at time ¢

Our interpretation: a perfectly reflecting mirror is non-physical.
Consider, instead, a partially transmitting mirror, transparent to high

frequencies (math. implementation of a physical plate).
Trajectory (¢, eg(t)). When mirror at rest, scattering described by matrix

S(w) = S(w) r(w) e~ 2wk
r(w) e?wk s(w)
— S matrix is taken to be: (x = L position of the mirror)

o -
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CASE OF A SINGLE, PARTIALLY TRANSMITTING MIRROR

Seminal Davis-Fulling model
renormalized energy negative while the mirror moves:
cannot be considered as the energy of the produced particles at time ¢

Our interpretation: a perfectly reflecting mirror is non-physical.
Consider, instead, a partially transmitting mirror, transparent to high
frequencies (math. implementation of a physical plate).

Trajectory (¢, eg(t)). When mirror at rest, scattering described by matrix

S(w) = S(w) r(w) e~ 2wk
r(w) e?wk s(w)
— S matrix is taken to be: (x = L position of the mirror)

— Real in the temporal domain: S(—w) = S*(w)

— Causal: S(w) is analytic for Im (w) > 0

— Unitary: S(w)ST(w) = Id

— The identity at high frequencies: S(w) — Id, when |w| — o

L s(w) and r(w) meromorphic (cut-off) functionsJ
(material’'s permitivity and resistivity) Cosmology Workshop Montpellier07, October 2526, 2007 — p. 13/



RESULTS ARE REWARDING:
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RESULTS ARE REWARDING:

n our Hamiltonian approach

A dwd :
(Fra(t 2%2/ / Wi e e{ —iw et g, (w+w)}

-

w + W

(W)I* + Is(w) = s™(W)] + O(€°)

Note this integral diverges for a perfect mirror (r = —1, s = 0,
iIdeal case), but nicely converges for our partially transmitting
(physical) one where r(w) — 0, s(w) — 1,85 w — ¢

o -
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RESULTS ARE REWARDING:

n our Hamiltonian approach T
A > dwdw' ww' it
Frrall 27T2 w+ W e{ 991 (w—l—w)}

(W)I* + Is(w) = s™(W)] + O(€°)

Note this integral diverges for a perfect mirror (r = —1, s = 0,
iIdeal case), but nicely converges for our partially transmitting
(physical) one where r(w) — 0, s(w) — 1,85 w — ¢

Energy conservation is fulfilled: the dynamical energy at any
time ¢ equals, with the opposite sign, the work performed by
the reaction force up to that time ¢

(E(t)) = —¢ / (Futa(7))i(r)dr
B -
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RESULTS ARE REWARDING:

n our Hamiltonian approach T
A > dwdw' ww' it
(Frra 27T2 w+ W e{ g@(w—l—w)}

(W)I* + Is(w) = s™(W)] + O(€°)

Note this integral diverges for a perfect mirror (r = —1, s = 0,
iIdeal case), but nicely converges for our partially transmitting
(physical) one where r(w) — 0, s(w) — 1,85 w — ¢

Energy conservation is fulfilled: the dynamical energy at any
time ¢ equals, with the opposite sign, the work performed by
the reaction force up to that time ¢

(E(t)) = —¢ / (Futa(7))i(r)dr

L:> Two mirrors; higher dimensions; fields of any kind J
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Quantum Vacuum Fluct’'s & the CC
f.. The main issue: T

energy ALWAYS gravitates, the energy density of the
vacuum, the vacuum expectation value of the
stress-energy tensor (Tu) = —Eguw
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® Appears on the rhs of Einstein’s equations:
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R,uu - §g,ul/R — _SWG(T/U/ - gg,uv)

~

It affects cosmology: T, excitations above the vacuum
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Quantum Vacuum Fluct’'s & the CC

f.p

The main issue: S.A. Fulling et. al., hep-th/070209v2 T

energy ALWAYS gravitates, therefore the energy density of the
vacuum, more precisely, the vacuum expectation value of the
stress-energy tensor (Tu) = —Eguw

Appears on the rhs of Einstein’s equations:

1 _
R,uu - ig,u,l/R — _SWG(T,UJ/ - gg,uI/)

It affects cosmology: T;W excitations above the vacuum
Equivalent to a cosmological constant A = 87GE
Recent observations: M. Tegmark et al. [SDSS Collab.] PRD 2004

A = (214+013x 102 eV)* ~ 4.32x 107 erg/cm®
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Quantum Vacuum Fluct’'s & the CC

®» The main issue: S.A. Fulling et. al., hep-th/070209v2 T

energy ALWAYS gravitates, therefore the energy density of the
vacuum, more precisely, the vacuum expectation value of the
stress-energy tensor (Tu) = —Eguw

Appears on the rhs of Einstein’s equations:

1 ~
R,uu - ig,u,l/R — _SWG(T,UJ/ - gg,uI/)

It affects cosmology: TW excitations above the vacuum
Equivalent to a cosmological constant A = 87GE
Recent observations: M. Tegmark et al. [SDSS Collab.] PRD 2004

A = (214+013x 102 eV)* ~ 4.32x 107 erg/cm®

Idea: zero point fluctuations can contribute to the
cosmological constant Ya.B. Zeldovich '68
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Vacuum Fluct & the Equival Principle

® Casimir effect 1948, same year as discovery of renormalized QED
It continues to be surrounded by controversy:

o -
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® Casimir effect 1948, same year as discovery of renormalized QED
It continues to be surrounded by controversy:

# Sharp boundaries give divergences in local energy density near surface

#® Coupling to gravity (source in the local energy-momentum tensor)

® Gravitational implications of zero-point energy:
problem due to inability to understand origin of cc or dark energy

°

Question: how finite Casimir energy of pair of plates couples to gravity?

® | ess straightforward than one might suspect!
Disparate answers: forces that depend on the orientation of the Casimir
apparatus wrt gravitational field of the earth, etc
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Casimir effect 1948, same year as discovery of renormalized QED
It continues to be surrounded by controversy:

# Sharp boundaries give divergences in local energy density near surface

#® Coupling to gravity (source in the local energy-momentum tensor)

Gravitational implications of zero-point energy:
problem due to inability to understand origin of cc or dark energy

Question: how finite Casimir energy of pair of plates couples to gravity?

Less straightforward than one might suspect!
Disparate answers: forces that depend on the orientation of the Casimir
apparatus wrt gravitational field of the earth, etc

Consistency with the equivalence principle?
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Casimir effect 1948, same year as discovery of renormalized QED
It continues to be surrounded by controversy:

# Sharp boundaries give divergences in local energy density near surface

#® Coupling to gravity (source in the local energy-momentum tensor)

Gravitational implications of zero-point energy:
problem due to inability to understand origin of cc or dark energy

Question: how finite Casimir energy of pair of plates couples to gravity?

Less straightforward than one might suspect!
Disparate answers: forces that depend on the orientation of the Casimir
apparatus wrt gravitational field of the earth, etc

Consistency with the equivalence principle?

That is, does the renormalized Casimir energy couple to gravity
just like any other energy?
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Casimir effect 1948, same year as discovery of renormalized QED
It continues to be surrounded by controversy:

# Sharp boundaries give divergences in local energy density near surface

#® Coupling to gravity (source in the local energy-momentum tensor)

Gravitational implications of zero-point energy:
problem due to inability to understand origin of cc or dark energy

Question: how finite Casimir energy of pair of plates couples to gravity?

Less straightforward than one might suspect!
Disparate answers: forces that depend on the orientation of the Casimir
apparatus wrt gravitational field of the earth, etc

Consistency with the equivalence principle?

That is, does the renormalized Casimir energy couple to gravity
just like any other energy?

Evidence that the Vacuum Energy must be taken seriously in Gravity
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Casimir effect 1948, same year as discovery of renormalized QED
It continues to be surrounded by controversy:

# Sharp boundaries give divergences in local energy density near surface

#® Coupling to gravity (source in the local energy-momentum tensor)

Gravitational implications of zero-point energy:
problem due to inability to understand origin of cc or dark energy

Question: how finite Casimir energy of pair of plates couples to gravity?

Less straightforward than one might suspect!
Disparate answers: forces that depend on the orientation of the Casimir
apparatus wrt gravitational field of the earth, etc

Consistency with the equivalence principle?

That is, does the renormalized Casimir energy couple to gravity
just like any other energy?

Evidence that the Vacuum Energy must be taken seriously in Gravity

Boundary divergences resolved by understanding renormalization process
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® Casimir stress tensor between pair of parallel perfectly conducting plates, at
distance a, transverse dimensions L >> a

f (Tyu) = g diag(1,—1,—1,3) T

- a
third spatial direction is normal to plates, £- Casimir energy per unit area

mwhe

Eo = —
¢ 72003

Outside the plates, (7,.) =0

o -
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® Casimir stress tensor between pair of parallel perfectly conducting plates, at

-

distance a, transverse dimensions L >> a

(Tyu) = 29 diag(1,—1,—1,3)
a
third spatial direction is normal to plates, £- Casimir energy per unit area
mhe
A

Outside the plates, (7,.) =0

® A constant divergent term is present, both between and outside the plates,

and also in the absence of plates (no physical significance): em field respects
conformal symmetry, there is no surface divergent term (such as is present for
a minimally coupled scalar field with Dirichlet BC on plates or curved surfaces)

-

Cosmology Workshop Montpellier07, October 25-26, 2007 — p. 17/2



® Casimir stress tensor between pair of parallel perfectly conducting plates, at

-

distance a, transverse dimensions L >> a

(Tyu) = 29 diag(1,—1,—1,3)
a
third spatial direction is normal to plates, £- Casimir energy per unit area
mhe
A

Outside the plates, (7,.) =0

A constant divergent term is present, both between and outside the plates,

and also in the absence of plates (no physical significance): em field respects
conformal symmetry, there is no surface divergent term (such as is present for
a minimally coupled scalar field with Dirichlet BC on plates or curved surfaces)

Gravitational interaction of the Casimir apparatus: use gravitational definition
of the energy-momentum tensor as variation of matter part of action:

oW, = %/\/—g 5qg T ()

Following Schwinger (note the factor 2 in the definition),
for a weak field Fulling et al define:  g,.., = 1., + 2h 0
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® Two ways to proceed. Gauge-invariant procedure:
energy-momentum tensor of the phys sys must be conserved, so include a
physical mechanism holding the plates apart against the Casimir force
—— Leads to complicated model-dependent calculations T
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® Two ways to proceed. Gauge-invariant procedure:
energy-momentum tensor of the phys sys must be conserved, so include a
physical mechanism holding the plates apart against the Casimir force
f —— Leads to complicated model-dependent calculations T

® Alternative: find a physically natural coordinate system, more realistic than
another. A perfect coord system is not possible in curved space, but one that
comes closest to give distances accurately along timelike worldline is the
Fermi coord system:
—— general-relativistic extrapolation of an inertial coord frame [given by
Marzlin (1994) for a resting observer in the field of a static mass distribution]
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Two ways to proceed. Gauge-invariant procedure:

energy-momentum tensor of the phys sys must be conserved, so include a
physical mechanism holding the plates apart against the Casimir force

—— Leads to complicated model-dependent calculations T

Alternative: find a physically natural coordinate system, more realistic than
another. A perfect coord system is not possible in curved space, but one that
comes closest to give distances accurately along timelike worldline is the
Fermi coord system:

—— general-relativistic extrapolation of an inertial coord frame [given by
Marzlin (1994) for a resting observer in the field of a static mass distribution]

Again, the reason one gets different answers in different coordinate systems is
that the starting point is not gauge-invariant
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—— general-relativistic extrapolation of an inertial coord frame [given by
Marzlin (1994) for a resting observer in the field of a static mass distribution]
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that the starting point is not gauge-invariant

maybe Eq. (*) implicitly assumes the
equivalence principle, as a conservation law: V,T"" =0
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equivalence principle, as a conservation law: V,T"" =0

Fulling et al: Casimir energy gravitates as any other form of energy (result
obtained for a Fermi observer, relativ general of an inertial obs)
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comes closest to give distances accurately along timelike worldline is the
Fermi coord system:

—— general-relativistic extrapolation of an inertial coord frame [given by
Marzlin (1994) for a resting observer in the field of a static mass distribution]

Again, the reason one gets different answers in different coordinate systems is
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maybe Eq. (*) implicitly assumes the
equivalence principle, as a conservation law: V,T"" =0

Fulling et al: Casimir energy gravitates as any other form of energy (result
obtained for a Fermi observer, relativ general of an inertial obs)

Explicit calc in Rindler coord (uniform accel obs): &: (including diverg parts
renormalizing mass of plates) has the grav mass demanded by equiv princip
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Two ways to proceed. Gauge-invariant procedure:

energy-momentum tensor of the phys sys must be conserved, so include a
physical mechanism holding the plates apart against the Casimir force

—— Leads to complicated model-dependent calculations T

Alternative: find a physically natural coordinate system, more realistic than
another. A perfect coord system is not possible in curved space, but one that
comes closest to give distances accurately along timelike worldline is the
Fermi coord system:

—— general-relativistic extrapolation of an inertial coord frame [given by
Marzlin (1994) for a resting observer in the field of a static mass distribution]

Again, the reason one gets different answers in different coordinate systems is
that the starting point is not gauge-invariant

maybe Eq. (*) implicitly assumes the
equivalence principle, as a conservation law: V,T"" =0

Fulling et al: Casimir energy gravitates as any other form of energy (result
obtained for a Fermi observer, relativ general of an inertial obs)

Explicit calc in Rindler coord (uniform accel obs): &: (including diverg parts
renormalizing mass of plates) has the grav mass demanded by equiv princip

BUT: the renormalized total 7"* must be conserved in curved s-t (gauge inv!
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CC PROBLEM

® Relativistic field: collection of harmonic oscill’'s (scalar field)

hc
o By = %> wn,  w=k+m?/h, k=2m/) -

n

o -
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CC PROBLEM

® Relativistic field: collection of harmonic oscill’'s (scalar field)

hc
o By = %> wn,  w=k+m?/h, k=2m/) -

® Evaluating in a box and putting a cut-off at maximum k,,,,, corresp’ng
to QFT physics (e.g., Planck energy)

n

hk%lanck ~ 10123p b

P~ T6n2

kind of a modern (and thick!) aether

o -
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Relativistic field: collection of harmonic oscill’s (scalar field)

Ey = = ) wn, w=k*+m?*/h?, k=2mr/) T

Evaluating in a box and putting a cut-off at maximum k,,,. corresp’ng
to QFT physics (e.g., Planck energy)

n

hk%lanck ~ 10123p b

P~ T6n2

kind of a modern (and thick!) aether

Observational tests see nothing (or very little) of it:
—> (new) cosmological constant problem
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CC PROBLEM

Relativistic field: collection of harmonic oscill’s (scalar field)

Ey = = ] Wn,  w=k +m?/R* k=21/\ T

Evaluating in a box and putting a cut-off at maximum k,,,. corresp’ng
to QFT physics (e.g., Planck energy)

hk%lanck ~ 10123p b

P~ T6n2

kind of a modern (and thick!) aether

Observational tests see nothing (or very little) of it:
—> (new) cosmological constant problem

Very difficult to solve and we do not address this question directly

What we do consider —with relative success in some different

approaches— is the additional contribution to the cc coming from the

non-trivial topology of space or from specific boundary conditions

Imposed on braneworld models: J
—> kind of cosmological Casimir effect
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Cosmolog I mprint of the Casimir Eff’t?

|7’ Assuming one will be able to prove (in the future) that the ground
value of the cc is zero (as many had suspected until recently), we will
be left with this incremental value coming from the topology or BCs

*

VCDM, vacuum energy density

Susy Large Extra
Dims (SLED), two 10~2mm dims, bulk vs brane Susy breaking scales
* Holographic Perspective, CC is an
Intg const, no response of gravity to changes in bulk vac energy dens

*

o -
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Cosmolog I mprint of the Casimir Eff’t?

-

® Assuming one will be able to prove (in the future) that the ground

value of the cc is zero (as many had suspected until recently), we will
be left with this incremental value coming from the topology or BCs

* VCDM, vacuum energy density

* Susy Large Extra
Dims (SLED), two 10~2mm dims, bulk vs brane Susy breaking scales
* Holographic Perspective, CC is an

Intg const, no response of gravity to changes in bulk vac energy dens

® We show (with different examples) that this value acquires

the correct order of magnitude —corresponding to the one
coming from the observed acceleration in the expansion of
our universe— in some reasonable models involving:

-
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® Assuming one will be able to prove (in the future) that the ground

value of the cc is zero (as many had suspected until recently), we will
be left with this incremental value coming from the topology or BCs

* VCDM, vacuum energy density

* Susy Large Extra
Dims (SLED), two 10~2mm dims, bulk vs brane Susy breaking scales
* Holographic Perspective, CC is an

Intg const, no response of gravity to changes in bulk vac energy dens

® We show (with different examples) that this value acquires

the correct order of magnitude —corresponding to the one
coming from the observed acceleration in the expansion of
our universe— in some reasonable models involving:

# (a) small and large compactified scales

-
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® Assuming one will be able to prove (in the future) that the ground

value of the cc is zero (as many had suspected until recently), we will
be left with this incremental value coming from the topology or BCs

* VCDM, vacuum energy density

* Susy Large Extra
Dims (SLED), two 10~2mm dims, bulk vs brane Susy breaking scales
* Holographic Perspective, CC is an
Intg const, no response of gravity to changes in bulk vac energy dens

We show (with different examples) that this value acquires
the correct order of magnitude —corresponding to the one
coming from the observed acceleration in the expansion of
our universe— in some reasonable models involving:

# (a) small and large compactified scales
o (b) dS & AdS worldbranes

-
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Cosmolog I mprint of the Casimir Eff’t?
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o

® Assuming one will be able to prove (in the future) that the ground

value of the cc is zero (as many had suspected until recently), we will
be left with this incremental value coming from the topology or BCs

* VCDM, vacuum energy density
* Susy Large Extra
Dims (SLED), two 10~2mm dims, bulk vs brane Susy breaking scales

* Holographic Perspective, CC is an
Intg const, no response of gravity to changes in bulk vac energy dens

We show (with different examples) that this value acquires
the correct order of magnitude —corresponding to the one
coming from the observed acceleration in the expansion of
our universe— in some reasonable models involving:

# (a) small and large compactified scales
o (b) dS & AdS worldbranes

# (c) supergraviton theories (discret dims, deconstr) J
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